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An [, approach to the design of linear multivariable controllers for discrete-time
systems with hard time-domain constraints is presented. The notion of polar of the set
of the exogenous inputs is used to parameterize the set of closed-loop transfer functions
that meet regulation constraints. The constraints may include magnitude and rate bounds
on all relevant process variables, including the control inputs. Solutions for optimal I,
design are found by solving a linear program for the impulse-response coefficients of the
controller, or for the coefficients of an ARMA controller model. Using these formula-
tions, an analytical framework is provided for delineating the tradeoffs that govern de-

sign of linear control systems.

Introduction

Performance goals for multivariable process control sys-
tems are often difficult to specify and are frequently in con-
flict. One aspect of performance specification is describing
the type of signals that make up the inputs to the process,
and the type of signals that would constitute acceptable be-
havior for key process variables. If the class of expected dis-
turbances is drawn too large, then the resulting control de-
sign may be overly conservative. If, on the other hand, the
disturbance class is too narrow, and therefore not indicative
of the disturbances that will be encountered in the applica-
tion, then the controller may perform poorly.

Much of the recent theoretical development in multivari-
able control has focused on the problem of computing con-
trol systems that perform well for entire classes of system
inputs (Morari and Zafiriou, 1989; Boyd and Barrat, 1991).
For example, the H, and H, formulations of linear multi-
variable control are a result of using weighted quadratic
norms to specify classes of system inputs and acceptable out-
put behavior. These approaches generalize the classic fre-
quency-domain technique that appears in most process-con-
trol textbooks. However, there are several difficulties with the
quadratic approach, particularly the problem of incorporat-
ing time-domain constraints on signals in a nonconservative
manner (Boyd and Doyle, 1987; Boyd and Barrat, 1991).

In many applications, unmeasured disturbances and noise
are persistent, that is, they act continuously on the system as
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long as it is in operation. Such inputs have infinite energy,
and therefore cannot be modeled as the bounded-energy sig-
nals required by frequency-domain approaches. Moreover,
process signals are commonly described with bounds on the
magnitude and rate of change. These attributes are difficult
to express precisely in the frequency domain or with weighted
quadratic norms.

The [, norm is an obvious alternative for describing dis-
crete-time signals where there are constraints on the instan-
taneous values. For a scalar signal with values given by u =
(X2 o = {u(0), u(D), u(2),...}, the I, norm is given by

flullo = sup lu(k).
k>0

By introducing appropriate weights, this norm can measure
signal rate of change and other linear correlations. Con-
straints on manipulated variables often involve the magni-
tude and the rate-of-change; these translate directly into
specifications on a weighted /, norm. Output specifications
also can be given in time domain; bounds may be imposed on
the magnitude of the closed-loop response, its rate of change,
and possible correlations among the regulated variables.
The infinity norm, when used to measure the inputs and
outputs of a controlled linear system, naturally induces an
operator norm. In this case, the operator norm turns out to
be the /; norm of the impulse response sequence of the
closed-loop transfer function. Minimizing the operator norm
yields the /; optimal control problem as originally formulated
by Vidyasagar (1986) for continuous time systems, and by
Dahleh and Pearson (1987, 1988) for discrete-time systems.
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Figure 1. General feedback control system.

An important observation is that the weighted [, approach
breaks down when the input set is defined by many /. con-
straints. This is because the equivalent vector norm has a
weighting matrix that is not full row rank; thus it cannot be
inverted to form the input weighting for the closed-loop
transfer. function as required in the /; approach. As we
demonstrate in this article, this restriction is significant even
for the simple case of scalar systems with simultaneous mag-
nitude and rate bounds.

The formulation proposed in this article offers a flexible
approach to practical control design for systems with signals
defined by weighted /, norms. The main technical result is
that the closed-loop regulator can be parameterized directly
in terms of the disturbance set and the set of acceptable reg-
ulated responses. Using the polar of an [, bounded set of
signals leads to solution of the control design problem as a
linear programming problem. The optimization variables are
the impulse-response coefficients of the controller and some
additional convex multipliers. In the case of scalar con-
trollers, the number of parameters can be greatly reduced by
using an ARMA-type controller parameterization. We show
that this technique can be extended to account for a variety
of performance constraints through the augmentation of the
linear program.

This article is divided into three parts. In the first part we
discuss time-domain specifications for the inputs and outputs
of feedback systems. In the second, the nominal control prob-
lem is presented for persistent bounded signals and its solu-
tion as a linear programming problem. The third part studies
a regulation problem with input constraints and model uncer-
tainties. Examples are presented to illustrate implementation
of the proposed design techniques.

Input-Output Specification in I,

We consider the general feedback scheme shown in Figure
1. The plant is assumed to be linear, shift invariant, and
causal. In order to deal with possible constraints on the ma-
nipulated variables, the regulated output vector is normally
augmented to include the control input. The input—output
description of the feedback system is

»
2

z=P, u+ P, w

y=P,ut+P,w,
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where w e lv is a vector of exogenous inputs, u € 12+ con-
tains the manipulated variables, y €lZ» contains the mea-
sured outputs, and z €[}: contains the regulated process
outputs. The various P’s denote linear, time invariant opera-
tors that describe the input-output behavior of the plant.

We use weighted norms to measure and place specifica-
tions on the input—output characteristics of the closed-loop
system, and therefore need to introduce some terminology.
The notation x € I refers to a semi-infinite vector sequence
{x(0), x(1), x(2),...}, where each x(k)is in #”" with bounded
norm

Ixlle = sup 1l x(k) I, 3
k>0
=sup max |x; (k)| )]
k>0 1<isn
<o, &)

Similarly, /, denotes the space of absolutely summable real
sequences where x €/, implies x ={x(k)fj with the norm
[lx]l; = X5 _glx(k) <. The set {{*" denotes the space of
matrices with individual entries belonging to [,.

The theoretical development of this article employs con-
ventional interpretations of discrete-time signals and opera-
tors, such as the z transform and the backward shift operator
g~ ". For the purposes of numerical calculation, there are two
practical alternatives for representing a signal x € /7. Let X
denote a numerical representation of x. The elements of X
can be organized as either

e (‘xl(O)WT
x(0) Lx.(0)_)
i=]x(D ) =] x (D (6)
Lx,,il)J
. : -
or
A RO
xl(l)
x o
== ) D
x, x,(0)
\_x,(1)_/
.

where x,(k) denotes the value of signal component / at time
k. Each of these representations has utility. Of course, in
practical calculations it will be necessary to work with finite
approximations to x. In the sequel, we will not use the ex-
plicit notation X, expecting that the necessary distinctions will
be clear from the context.

The system models can also be represented in different
ways. Consider a linear, shift-invariant operation H mapping
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17 to IZ'. One representation of H would be as an m X n
rectangular array where each element H;; models a stable
discrete-time transfer function. As an alternative representa-
tion for stable system, consider a numerically oriented repre-
sentation where h;; ={h;(0), h;(1),...} €/ is pulse re-
sponse between output i and input j, and H;; is the usual
lower triangular Toeplitz matrix constructed from k;;. Inter-
preting y and u in the sense of Eq. 7, the model y = Hu can
be represented as matrix multiplication where H is the block
matrix with components H;;. These alternative representa-
tions are used in this article, and which is in effect should be
clear from the context.

The infinity norm on a signal induces an operator norm.
Let £F™ denote the set of linear bounded shift-invariant
causal operators mapping I to 1. A definition and a well-
known formula for the induced operator norm on £7°™ are
given by

| Hull..
WH ;e = sup —— ®)
wro Nulls
=max , A (C))
Pt
=max Y, ), |k, (10)
boj=1k=0

where [l lli is the usual norm in /; of the pulse response
sequence ;.

Specification of input sets

All external signals that enter the system are referred to as
inputs. These may include measured and unmeasured dis-
turbances, reference inputs, and possible noise sources. These
quantities are assembled to form the vector w that appears
in Figure 1.

In process applications, the unmeasured disturbances can
be characterized by simple bounds on magnitude, rate of
change, and other linear time-domain correlations. Letting d
denote unmeasured disturbances that appear as components
of w, the disturbance set is given by

D, ={del?|Widl.<1} an

where W¢ is a shift-invariant stable causal weighting opera-
tor.

For example, a set of scalar signals with a magnitude bound
¢,, given by

ld(K)l <c,, Vk=1,2, ...
is contained in the set
1
—dfl <1, (12)
Cm -

where the weighting operator is the scalar W9 =1/,,.

AIChE Journal

November 1995 Vol. 41, No. 11

A bound on the rate-of-change of a disturbance is easily
expressed using the I, norm. Suppose ¢, is a rate constraint
such that

ld(k)—-d(k-Dl<c,, Vk=1,2,....

Using the usual backward shift operator ¢~ 'd(k) = d(k — 1),
the rate constraint can be written as

(1-g Dd <c,, Yk=1,2,...,
which is equivalent to the constraint

1— -1
(1-gq )d
[4

<l1. (13)

©

r

Constraints on magnitude and rate of a scalar signal can be
combined by introducing the 2 X1 weighting operator

1 s (14)

where ¢,, and c, are values for the respective bounds.

In other situations, entries in W9 might represent
“frequency” domain weightings in the form of ratios of poly-
nomials in the shift operator g. Morari and Zafiriou (1989)
demonstrated how such weights can be constructed for
finite-energy signals. Consider Figure 2, where the signal d’
is bounded in magnitude, |ld'll. < 1. Signal d is generated by
convolving the normalized input d’' and a weighting function
W. The set of bounded disturbances is given by

D, ={d el :lld'le= W dll < 1}. (15)

The weighting function W can be chosen to include spe-
cific classes of disturbances. For example, to include unit-step
inputs in the disturbance set, let

Bg—-1

Wig)= B(g-1)

with B>1.

A magnitude bounded signal d'(k) = B~*, after passing
through W, will generate a unit-step input d(k)=1. An input

d'(k)=a"* a>1, a#pg
'
| 5 e

Figure 2. Weighting function for input specification.
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satisfies ||d’ll < 1, and after passing through W, gives a signal

__Ba-t
d(k)_ﬁ(q—l)a ,

which is a step modified by a lead if a > B, or by a lag if
a < B. It is clear that judicious choice of W can be used to
model a wide variety of disturbances that can occur in
process applications.

Sets of admissible control inputs also can be represented
by the I, norm formulation. Because manipulated variables
are usually subject to constraints in the magnitude and in the
rate-of-change, we have found it useful to define the set of
feasible control inputs as

D, ={usllIW*ul.<1} (16)
where
1
um
W= 1—g' |’ a7n
u

and where u,, and u, are bounds on the magnitude and on
the rate of change of the actuator device. As in the case of
disturbance modeling, more elaborate weighting functions can
be constructed if appropriate for the application.

Performance specification

Performance measures for closed-loop feedback systems
include disturbance rejection, set-point tracking, and other
dynamical aspects of the output behavior. Quantitative
bounds may be imposed on the absolute magnitude of devia-
tions in regulated variables; and on their rates of change,
moving averages, and other possible time-domain correla-
tions. In the [, framework presented here, constraints like
these can be lumped into a weighting operator that describes
regulatory performance.

The regulated output, represented by the vector z in Fig-
ure 1, is a composite of many system signals, including
process outputs, control action, and setpoint tracking error.
Let y, represent a process output that is a component of z,
then a set of acceptable process outputs with respect to a
particular class of disturbances is given by

D, = {y, € 2wty ll< %/ <1}, (18)

where W74 is a weighting operator, and where the scalar
parameter y5 / measures the regulation performance with
respect to a process output. A smaller value of ¥5°*/ implies
better performance.

Performance weighting operators are easily constructed for
some typical situations. Suppose a, and a, are bounds im-
posed on the magnitude and on the rate of change of y,.
W24 is then

2442
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If the influence of the disturbance is to be completely sup-
pressed at steady state, an integral action may be imposed by
choosing

-1

Wypd=_.q—‘
q ' -1

Setpoint tracking performance can be measured in the same
way. Given the error signal e =r—y,, the appropriate set-
point-output set is

D, , ={y, e LW (r =yl <1}, (19)

where 2"/ measure setpoint tracking performance.
The output response with respect to sensor noise can be
measured as

D, ., = (v, LWy < £ <1}, (20)

where ¥°"/ is the relevant performance measure.

The preceding discussion focused on scalar components of
the feedback control problem. In the multivariable case, off-
diagonal elements in the weighting matrices just described
can be added to express bounds involving correlated re-
sponses among elements in a vector output.

Nominal Control Design Problem
Problem statement

The previous section described methods to specify the class
of external inputs that will act on controlled process, and
methods to specify and measure classes of acceptable re-
sponses. In this section, we pose the nominal control design
problem as finding a controller that assures that the output
will be in the class of acceptable responses for all inputs in a
given class of inputs. The nominal design problem is the task
of achieving a desirable mapping between an exogenous in-
put set and an acceptable regulated output set.

A set of exogenous inputs D, €I+ is defined by a finite
set of inequalities

D, =welIWwli<1Vi=1, ...,m}, VAY)
where each of the weighting functions is assumed to be sta-
ble, causal mapping W,*:IJ» — [_. Also given is a set Z ¢ l”:

of closed-loop regulation objectives of acceptable responses
defined by a set of inequality constraints

Z={zel=IWl.<1, i=1,...,p}, (22)

where the weighting functions are stable, causal mappings
Wz > 1,. The nominal design problem is to find a feed-
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back K such that the closed loop is internally stable and the
performance objective is satisfied for all the inputs in the de-
fined set, that is

Wizl <1V wiiW*wll.<1. (23)

Solution of the control problem

Polar of the Exogenous Set. The polar of the exogenous
input set is used to parameterize the closed loop in terms of
convex multipliers. This is a key to the efficient solution of
the nominal design problem.

Each constraint on the disturbance set ®,, can be repre-
sented by a convolution of w with a sequence v; € I7. This is
a standard result for any linear time invariant /, bounded
operator (Desoer and Vidyasagar, 1975). Therefore the ex-
ogenous inputs set also can be written as

D, =welly*wl.<1Vi=1,...,m}, 4)

where #* represents the convolution operation. Each se-
quence v, corresponds to the pulse response of the input
weighting function W;” that appears in Eq. 23. D, is a con-
vex set if D, is nonempty and bounded: there exists a num-
ber R such that flwll.< RVwe D,. The polar of D,, as
adapted from Schrijver (1986), is denoted by D and is de-
fined as those sequences v € /7 such that [*w|l.<1Vwe
D,,. Formally,

D¥=welplvrwil.<lVwe D }. (25)

Now consider the convex hull ‘.f)u constructed from the con-
straints that define the disturbance set

m
SSU={UEI{’U:U= Y (A= A7 )y xu;
i=1

AT AT eV

Y U+ 1A D <15
i=1

A (), A7 (k) = 0V k). (26)

The following theorem (Keenan and Kantor, 1989) shows that
D, and DF are, in fact, equivalent.

Theorem 1. If SSU and D} are defined as above, then
D = ©,. Equivalently, lv*wll.<1Vw e D, if and only if
ve D,

This result allows us to characterize the sets of all closed-
loop mapping that satisfy certain constraints by using convex
multipliers. Using the feedback control u = — Ky, the
closed-loop mapping from w to z is given by z = H,,w; where
H, =P, -P,KUI~P,K) P, If the plant is stabiliz-
able, then through a doubly coprime factorization (Francis,
1987) the set of all stable closed-loop transfer functions can
be parameterized as H,, =T, — T,QT;, where T, T,, and T,
are stable maps. H,,, is stable if and only if Q is stable.

Substituting for H,,, from Eq. 23, the design objective is to
compute Q such that

AIChE Journal
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WA, - T,0Twl.<1Vi=1, ..., p¥we D,. Q7

It is evident from the Theorem 1 that we want the pulse re-
sponse of the weighted closed-loop transfer functions, W(T,
—T,QT3), to lie in the polar region defined by the disturb-
ance set. Using the parameterization result stated earlier, the
nominal control problem is equivalent to the existence of
convex multipliers A such that

)
LA I+ Zhagih <1 29)
i j

A% =0, (30)

Here we have replaced the convolution operation by the
standard composition of discrete-time operators, according to
conventional practice.

Solution by linear programming

An optimal design problem then can be formulated as the
task of computing a controller that minimizes an upper bound
on \W7H,, wi over the given disturbance set. The parame-
terization leads to the following linear programming prob-
lem:

min v,
Q.M >
subject to
WiAT, ~ T,0Ty), = L (AF — A WP Vi (31)
i
LA M+ LM T < Yoy (32)
J J

AF =0, (33)

t

Let A* be the matrix whose elements are the AF and let
A= A" — A". These equations are then equivalent to

Min Yy
0.A%

subject to
WH(T, -~ T,QT;) =(A* — A OW> 34)
HA* o+ HA™ e < Yo 35)
AF=0 (36)

i

The unknowns are v, , and the convex parameters A%

The optimal design problem is an infinite dimensional lin-
ear programming problem. A finite-dimensional, suboptimal
problem is obtained by choosing a finite time horizon, n @ for
Q. The unknowns are then 7y,, and the impulse response
coefficients of Q and A%, where
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0= ¥ 0(bg™* G
k=0
and
A= X AF(Og. (38)
k=0

The solution procedure is to match the coefficients of the
forward shift operator Q in Eq. 37. Given a fixed horizon for
Q, the horizon n, for A% is chosen so that the right- and
lefthand sides have the same order.

Comparison to other l, designs

The /; problem solved by Dahleh and Pearson (1987, 1988)
is the following: Given a set of exogenous signals w that are
assumed to be of the form w = Vf/e, where e is a bounded
input with Jlell. < 1, find a stable controller Q that minimizes
the maximum amplitude of the regulated output weighted by
W=. That is, find a minimum 1y, so that

W, H,,,Wello < o (39)
for all e such that
llefle < 1. (40)

Given a certain W in our formulation, the problems would be
equivalent if a weighting function W could be found so that

W Welle <1< llelle<1. 40

It is possible to find such a W only if WW can be made full
row rank. This is not generally possible, since W typically has
more rows than columns in process-control applications,

Another difference concerns the actual computation. Let
the weighted closed-loop transfer function be

O =W"»H,W. (42)

Using a Youla parameterization (Francis, 1987), the closed
loop can be written as

®=T,—T,0T;, (43)

where H € 7", T, €lfz*", and T, €l " and Q is a
stable parameter in 1]+*"s.

The [/, problem formulated by the Dahleh and Pearson is
then defined as minimizing v,,, such that

Yopt = o ig{ﬂe”Tl =TT i . (44)

Depending on the dimensions of the different signal spaces,
the /; control problem can be a one-block problem, also called
a good rank problem, if n,, = n, and n, = n,. Otherwise it is
a multiblock problem, which is also called a “bad rank” prob-
lem.

2444
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A one-block problem is characterized by a corresponding
primal linear program that has a finite number of equality
constraints. The multiblock problem, however, is character-
ized by a primal and dual linear program with an infinite
number of variables and constraints. Therefore, only approxi-
mate solutions can be generated by truncating the original
problem.

Three approximation methods for the /; multiblock control
problem are reported in the literature. One, known as the
finitely many variables (FMV) approximation, was developed
in Dahleh and Pearson (1988) and McDonald and Pearson
(1991). It results from constraining the support of the closed-
loop response, ®, thus providing a suboptimal finitely sup-
ported feasible solution to the problem.

In the second approach introduced by Dahleh (1992) and
Staffins (1991), known as the finitely many equations (FME)
approximation, the problem retains only a finite number of
constraints in the primal formulation of the problem. The
solution generates lower bounds on the optimal solution. A
third method introduced by Diaz-Bobillo and Dahleh (1992)
is known as the delay augmentation (DA) method. It consists
of augmenting the matrices T, and T; with pure delays such
that the augmented problem is one-block, and then applying
the techniques developed for one-block problems to the aug-
mented system.

The techniques we presented in the previous sections pro-
vide a more direct approach to solution of the /, problem.
These techniques are not based on interpolation techniques,
but rather on the direct parametrization of the closed loop in
terms of convex multipliers. This computationally oriented
technique does not suffer from the rank restrictions cited
earlier.

Regulation with Input Constraints

In this section we demonstrate the application of the ideas
presented earlier to the problem of computing a linear feed-
back regulator that does not violate hard constraints on the
control input. For the situation shown in Figure 3, the task is
to compute a K that suppresses the influence of a disturb-
ance d on the output y,. Disturbance d is not measured, but
it is from a known class of disturbances. The control input is
constrained in magnitude and rate of change.

The exogenous inputs consist of unmeasured disturbances
d, that is, w = d that belong to a weighted set

D, ={d el’:|Wdl.<1}, (45)

where W¢ is chosen according to the guidelines in the earlier
sections.

K Gy

Figure 3. Disturbance regulation with input constraints.
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To account for the control input constraints,
operator

a weighting

(46)

where u,, is the upper bound on the magnitude of u, and u,
is an upper bound on the magnitude of the rate of change of
u.

Given W4, W*, and an additional weighting function W72,
which measures the process output, the nominal control ob-
jectives can be stated as follows:

® Reject unmeasured disturbances d at the output y,:

[|W>’pdyp|(w5 Yoer f < 1V d such that 1W< 1.

e Achieve the previous objective with the available control
action u:

W ull. < 1V d such that [W9|l. < 1.
The regulated variables comprise the process output y, and

the control input u. The closed-loop transfer function H,,
for the feedback system is then

(I-G,KS,)G,
- KS,G,

Yp
u

(dl, CY))

where S, =(1+G,K)™" is the output sensitivity function.

A first step in solving the nominal design problem is to
augment the nominal feedback system with the weighting
functions W»»“¢ and the control inputs constraints W*, The

transfer function of the augmented plant G,,,, shown in
Figure 4 is given by
WG, | WG,
Gpaug = 0 we (48)
— Gy l -G,
G
ro- —eR .~ — 4
2 woued |— Gy __+_‘l__
I l
29 we
| l
by Gy —
L e e e e e — 4
= -K
J E———

Figure 4. Augmented plant for the disturbance regula-
tion problem.
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Given the plant G, ,,, the regulation problem is to find a
controller K such that the closed loop is internally stable and
the weighted closed loop H,,; belongs to the polar of the
disturbance set D,.

A solution to the regulation can be found by solving the

optimization problem

Ig,iil Yper f (49)

subject to
WYH, = AW? (50)
1Al e < Yoer /- (51)

We assume that the plant is stable in the rest of the analysis.
The case of an unstable plant is treated in a similar way by
using a double coprime factorization. Using the parameteri-
zation O = KS,,, the closed-loop transfer function is

yp (I - GpQ)Gd
= d]. 52
[ . ] oG, |14 (52)
The linear programming problem is to minimize
Iél’ijr\l Yper (53)
subject to
ypd, ¥od,
WG, | WG, 0G, = AW (54)
0 wH
ATl 0 < Yper - (55)

It is worth noting that because of the constraints on the ma-
nipulative variables, these simple regulation problems are
generally multiblock problems since there are more regulated
variables than control inputs. Examples of solutions to this
problem are given in a later section.

Muitiobjective Design for Robust Stability

The control design is further complicated by the presence
of model uncertainty. The guaranteed levels of control per-
formance are degraded by uncertainty (Morari and Zafiriou,
1989). Model uncertainties have different sources and they
can be described in many different ways, such as bounds on
parameters of a linear model, bounds on nonlinearities, and
frequency domain bounds.

Here we consider the following robust stabilization prob-
lem: Given a plant model and a family of possible true plants,
determine conditions for a compensator that stabilizes the
nominal plant and stabilizes any plant in the given family.
For the purpose of generality, we will assume that the per-
turbed plant G~p is given by

G, =G, +W,AW, (56)
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where G, is the nominal plant, and A is a strictly causal sta-
ble operator such that l|All;~ <1. This type of unstructured
uncertainty description is quite general (Morari and Zafiriou,
1989). It includes the cases of additive uncertainty (W, = 1),
multiplicative input uncertainty (W, = G,), and multiplicative
output uncertainty (W; = G,).

The robust stabilization of plants with unstructured uncer-
tainty typically reduces to the problem of demonstrating sta-
ble invertibility of a loop-gain operator for all admissible per-
turbations (Zames, 1981). Once reduced to this problem of
stable invertibility, the small-gain theorem may be used to
give a sufficient condition for invertibility, and hence for ro-
bust stability. The necessity of the small-gain theorem for the
1, bounded input-—-output operators was proved by Dahleh
and Otha (1988). The result states that, given a BIBO linear,
shift-invariant causal operator M on [, and a A that is a
strictly proper operator with ||Al; <1, then the operator (I
+ MA) has an [_-stable inverse with bounded gain for all A if
and only if |M|);.<1.

As an application of this result, suppose that the compen-
sator K stabilizes the nominal plant G,. Then X stabilizes all
the plants G, if and only if M =—W,K(I+G,K)"'W, is
such that [|M{];» <1. Using the parameterization described
in the last section for stable plants, the expression for M is
then

M=—W,0W,. 7
If G, is not stable, then a double coprime factorization is
used to derive an expression of M. In all cases the robust
stability equation is linear in Q and can be inserted as a part
of the linear programming formulation.

One formulation for solving the robust control problem is
to minimize weighted measures of nominal control perform-
ance and stability robustness. Two performance indices are
introduced:

® %Y. s t0 measure nominal performance

e v, to measure robust stability.

Each of these should be made small subject to the closed-loop
constraints described earlier for the disturbance-rejection
problem. The linear programming problem is then

Q,r/{lli?l\z aper fyperf + Qs Yrss (58)
subject to
W ¥pd WiG

“Gal | W oG, = At (59)

0 w
-W OW,=A, (60)
HA e < Yper 7 (61)
AN e < % (62)
%, <1 (63)
aperff + &= 1. (64)

The parameter v, is a measure of stability of robustness of
the system. A smaller v,, is an indication of a more robust
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stable system. The weighting coefficients ., ; and «a,, rep-
resent relative “costs” associated with nominal performance
and robust stability. These weights may be varied to show the
tradeoffs between nominal performance and robust stability.

Examples

We demonstrate in this section application of the tech-
niques presented in this article and discuss procedures for
computing numerical solutions. Examples 1 and 2, although
they do not represent real processes, offer a good way to un-
derstand these techniques. In example 3 a chemical process
is studied.

Example 1

The first example corresponds to a simple regulation prob-
lem where the nominal plant G, is

(z-03)(z-2.0)

G = 08

The plant is a stable and nonminimum phase. We assume
that the disturbance is bounded in magnitude, that is,

lldll.< 1, that is, W9=1,
and the magnitude of the output z =y, is to be minimized
||yp||x < ,y‘})erf’ that iS, Wy,,d =1.

We also require steady-state rejection of persistent dis-
turbances. This type of integral action is enforced by choos-
ing

Wed =

By increasing the horizon n, of control parameter O, a se-
quence of linear programs is generated. This sequence con-
verges for a horizon n, =11 to a value of y* = 2.00. The
corresponding controller Q and the multiplier A are

=-1.00+12z"1-0.202"2-0.06z"3

—0.0182"%—0.00542z7° —0.00162z=°% —0.00049z~7
—0.000152~8 —0.00004z7 —0.00001z~1¢
A=200z"1,

The preceding constraint on d includes disturbances that
can vary between 1 and —1 at each sample instant. A more
realistic disturbance set is obtained by introducing a bound
on its rate of change. As an example, consider

wi=|1-g

0.4
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The weighting function W¢ is then nonsquare, and as a re-
sult, this problem cannot be treated using the original tech-
niques developed by Dahleh and Pearson. Setting

a=|™
=, |
the problem is solved as a medium-sized linear program. The

linear program converges for a horizon n,=11 to yf* f=
1.600. The controllers Q and A are

0=-3.00+560z"1-3.02"2+0.22z"3+0.066z"*

+0.01982 % +0.00594z % +0.00178 27 +0.00053z 8
+0.00016z~° +0.00005z ' +0.00001 z 1!
A=[0 1.60z71].

The optimal design in this case leads to better performances
(Yop: smaller). The addition of a rate constraint to the dis-
turbance set specification has the effect of tightening the set,
and hence the optimal design should lead to better per-
formances.

Example 2: a bad rank MIMO problem

In this maximum input/maximum output (MIMO) regula-
tion problem with input constraints, reported by Dahleh and
Pearson (1987), we aim to show that the techniques devel-
oped in this article are not restricted by the rank of the con-
trol problem and that they work as well for “bad” rank prob-
lems.

The open-loop feedback system is given by

z=P,w+ P u

y=P,w+P u,

where

2
3 0 1 0
7=
Pu=lzot 1-2 | Bw=
1 1
z-3 2z

-2
qu=[ 0], P,=[1 1.

The exogenous inputs are assumed to be bounded in mag-
nitude by 1 and in the rate of change by 0.2,

- -

1 0
1—g-!
0 1
o S
AIChE Journal November 1995

The manipulated variables are constrained in magnitude,

«_]1 0
W ‘[0 1]’

and the regulation objective consists of minimizing the mag-
nitude of the output: W =1,

The first step to a solution is to augment the system open-
loop state-space presentation to account for the constraints
on the manipulated variables. We define a new regulated

variable Z as
Wz
=170

which is equivalent to

R WZWPZW szqu
z= w+ u.
0 I

The augmented feedback system is then

2=P2ww+ Piuu
y=P,w+P,u

Performing a double coprime factorization (Francis, 1987),
there exists eight stable rational matrices A4,;, By, A, B,,
X,, Y, X,, and Y, such that

Pyu = AZ_IBZ = Bl"“l‘l
X, —B
YZ Al

The stabilizing controller is given by

A2 BZ
-Y, X,

1 0
0 I

K=(Y,+ A4,00(X,- B,O)~.

A solution to the above equations is given by

-
0 1 -1
Al_ 62 ’ Az_ 2_3
-1 0
6z
0 1 . 1-z
_52 2z
B, 1-z 1-z | B, = -1 0
2z 6z 3z

The corresponding linear program for the optimal regulation
is then
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min e/
Q.A

T, = T,0T, = AW"
NAl; 0 < yper
where
T2=P£uAl’ T3=A2wa

I\=F P, +P,.

Substituting in the closed-loop transfer function yields

3
1+ - 1
z
I -1,0T;= 3(z-3)
2z
0 0
0 ! 0 1
3z
+ 3—z 10| z-3
0 -
6z 6z
-1 0

We notice that this example is a bad rank problem since the
number of regulated variables exceeds the number control
inputs. Moreover, the weighting function W is not square.

The problem is easily solved using the techniques outlined
before. Expanding each Q;; and each A;; in terms of its im-
pulse responses

g
Q= )y Qi/‘(k)qk, i,jell,2]
k=0
and
[0
Ay= L 4ygh, i3l jel 4

The unknowns are the impulse response coefficients of both
Q,;; and A;;. The linear program converges in one iteration to

0 0
W/ =243653  and Q=[1.73494 27.00756]'

Example 3: Shell benchmark problem

This example is the control of side draw and side end point
in the Shell heavy oil fractionator benchmark problem as re-
ported in Prett and Garcia (1988) and Keenan and Kantor
(1988). The open-loop discrete-time model for the plant is

y=G,(2u+G,(z)d,

where
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, (0.03282 +0.0317)

Gl =372 (5353
G2y m 1 5pp—s (003922 +0.1087)
dr2)= 102 708521

The disturbance enters the column from the intermediate re-
flux due to changes in the heat duty requirement from other
columns. The plant features uncertain steady-state gains that
are parameterized as K = K,(1+ WA), where K= 5.72 is the
nominal gain, W =0.0996, and A is such that |A] <1. The
measurement device is a pure delay.

The control system must be designed to handle appropri-
ately the following performance criteria:

e Maintain the side draw product end points at specifica-
tion (0.0 £0.005 at steady state).

o Ensure a good closed-loop speed.

e The constraints on the manipulated variable are not to
be violated. These constraints include a magnitude bound of
0.5 and a maximum move size limitation of 0.2 per sampling
period.

e Ensure stability robustness for the real plant.

In order to do the control design, a disturbance set is to be
specified. Disturbances are assumed to be bounded in magni-
tude and rate:

{:%3[ d(k —1)| 2(1).5, )
and hence described by the set
1
D,={delil 1-q7" ldk)l<1}. (66)
0.5
The constraints on the manipulated variables give a set
1
D, ={uel:| ?f o [PEs1 (67
0.2

Regulation objectives include integral action for the dis-
turbance rejection at y,. Hence the performance set is given
by

-1

q
2Dyp={ypelwlll(T_TT)yp(k)”ooﬁl}. (68)

The nominal design problem is solved first. As shown in
Table 1, the sequence of linear programs converges to an
optimal solution vy, 5 =4.6745 as the control horizon gets
large (n, > 40). This value of v, , indicates that the bounds
on the disturbance set have to be attenuated by a factor of
1/%er f = 0.2140 to avoid violating the constraints on the ma-
nipulated variables. An alternative interpretation is that there
exist disturbances that, under linear feedback, will saturate
the control input by a factor of 4.6745.
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Table 1. Convergence of Suboptimal Solutions to Example 3

ng Yper £ ng Yoer f
5 5.11005 30 4.67454
10 4.68435 35 4.67451
15 4.67602 40 4.67450
20 4.67481 45 4.67450
25 4.67461
4 -
3+
2+
1+
[=4
0 4
-k 4
2k 4
% s © 5 2 25 30 35 @ 4
Time
Figure 5. Impulse response of the controller Q for Ex-
ample 3.

Figure 5 shows the impulse response of the controller QO
for a horizon n,=40. Figure 6 shows the closed-loop re-
sponse to a step of magnitude 1/y,,, ;. Note that the . opti-
mal response has a finite impulse response. Figures 7 and 8
show the control input and its rate of change, respectively.
The bounds on the manipulative variable are not violated.

Next we solve the nominal problem with an additional con-
straint for robust stability. The sequence of linear program-
ming problems converges to the optimal solution for a hori-

0.25

02f h

015+ 1

dand yp
-

0 10 20 30 40 50 60 70 30 90 100

0.0s

-0.05F

-0.15 E

0.2¢

025 — . .
6 10 20 30 4 0 & 0 8 % 10

Time

Figure 7. Control input response to a magnitude 0.2140
step disturbance for Example 3.
The response satisfies the control constraint ju(k)| < 0.5.

zon n, = 35. For the case a,., ;= a,,=0.5, the linear pro-
gram converges to the values 7, ,=4.68842 and v, =
0.23210. This indicates that the maximum bounds on the dis-
turbance set should be 1/, , = 0.2133. The value of v, in-
dicates that the system can still be robustly stable for all W <
(W/v,,) = 0.4291, which allows for a large variation in the gain.
It is worth mentioning that because the gain uncertainty is a
static (memoryless) uncertainty, the result of the design is
conservative.

The tradeoffs between nominal performance and robust
stability can be displayed by varying the coefficients a, ,
and a,, and solving the linear program each time. Figure 9
shows the tradeoff between the robust stability and nominal
performance. As the nominal performance improves (7, ¢
small), the feedback suffers a corresponding loss of stability
margin (y,, large).

0.1 -

0.05+

Rate of u

0.05+

0.15 -
0 10 20 30 40 50 60 70 30 90 100

Time

Figure 8. Rate of change of the control input response

Time . to a magnitude 0.2140 step disturbance for
Figure 6. CIosed-lPop response to a step disturbance Example 3.
of magnitude 1/y per £=0.2140. The response satisfies the control constraint |w(k)— u(k —
Legend: distance—dashed line; output—solid line. DI<02.
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Figure 9. Tradeoff between nominal performance and
robust stability for Example 3.

Conclusions

This article presents a novel computational procedure for
the design of optimal linear feedback controllers. The con-
troller is computed based on a consideration of the class of
expected disturbances and a nominal process model. The in-
finity norm formulation appears to offer a flexible and intu-
itive approach to practical constraint-handling contro} design.
The input—output specifications are given in time domain,
and the impulse-response coefficients of the optimal com-
pensator are obtained by solving a medium-sized linear pro-
gram. Since the techniques developed in this article are not
based on interpolation methods, they do not suffer from the
restrictions associated with the rank of the control problem.

The order of the resulting digital compensator is generally
high. Moreover, due to the linear aspect of the design, the
compensator action is designed to avoid constraints and satu-
ration rather than “ride” them. These difficulties are shared
by most modern approaches to linear control system design.
We expect that model reduction would be important to any
practical application of the results we’ve described, and that
our techniques may be of interest in the further development
of constraint-handling control algorithms.
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Notation

D, ;,=set of acceptable responses to disturbances
P

D* =polar of D

G, =true plant

{T =space of n-tuples of elements of /. If x =(x;, x,, ...,
x,) €l{, then the norm is |lxll; = L7, llx;ll;
I =space of n-tuples of elements of /.. If x =(x, x;, ...,
x,) €17, then the norm is |ix]l. = max; flxll
r =set point
W, W,, W, =weighting functions
£1)™ =space of all bounded linear causal operators from I to
i
Il-ll =the induced operator norm on L™
IIll; « =the induced operator norm on L£7*". If H € L}*",
then |Hll; . = max; L7_; A lli. L7 and I"*™ are
therefore isomorphes.
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